Edge interface crack Bonded semi-infinite plate Material combination Finite element method a b s t r a c t Although a lot of interface crack problems were previously treated, few solutions are available under arbitrary crack lengths and material combinations. In this paper the stress intensity factors of an edge interface crack in a bonded strip are considered under tension with varying the crack length and material combinations systematically. Then, the limiting solutions are provided for an edge interface crack in a bonded semi-infinite plate under arbitrary material combinations. In order to calculate the stress intensity factors accurately, exact solutions in an infinite bonded plate are also considered to produce proportional singular stress fields in the analysis of FEM by superposing specific tensile and shear stresses at infinity. The details of this new numerical solution are described with clarifying the effect of the element size on the stress intensity factor. It is found that for the edge interface crack the normalized stress intensity factors are not always finite depending upon Dunders' parameters. This behavior can be explained from the condition of the singular stress at the end of bonded strip. Convenient formulas are also given by fitting the computed results.
Introduction
Modern technology has led to employing of composite structures in automotive and aerospace industries and multiple layers in microelectronics packaging. Failure of the multi-layer systems often initiates at the free-edge corner; therefore, the analysis of the edge interface crack is fundamental to our understanding of the initiation and propagation of free-edge cracks. An exhaustive investigation on the stress intensity factors (SIFs) will contribute better understanding of the initiation and propagation of the interfacial cracks.
Quite a lot interface crack problems have been treated previously, and various numerical methods have been reported to determine the SIFs of an interface crack till recently (Akisanya and Fleck, 1997; Dong et al., 1997; Liu et al., 2008; Wu, 1996; Xu et al., 1999; Yang and Kuang, 1996) . However, several fundamental questions are still unsettled for interface cracks. For example, the equivalent condition is well-known for the SIFs between the central and edge interface cracks in homogenous wide plate in Fig. 1(a) and (b) . Say, the stress intensity factor (SIF) of Fig. 1(b) is equivalent to ffiffiffi 2 p Â 1:1215 times that of Fig. 1 (a) when the two crack lengths are the same as 2a = a 0 . On the other hand, for the interface cracks the similar equivalent condition has not been revealed yet for the SIFs between the central and edge interface cracks in the bonded dissimilar wide plates. In our previous studies, therefore, the central interface cracks in a dissimilar bonded plate in Fig. 1 (c) have been treated under arbitrary material combinations (Noda et al., 2010; Zhang et al., 2011) . In this study an edge interface cracks in bonded dissimilar semi-infinite plate will be considered as shown in Fig. 1(d) , which is the most fundamental counterpart problem for interface cracks.
In this paper the SIFs at the crack tip in a bi-material bonded semi-infinite plate as shown in Fig. 1 (d) will be investigated under arbitrary combination of materials. In order to calculate the stress intensity factors accurately, the exact solutions in an infinite bonded plate will be also considered to produce proportional singular stress fields by applying specific tensile and shear stresses at infinity. The details of this new numerical solution will be described with varying the minimum element size around the crack tip. The relationship between the SIF and the crack size in a bonded finite plate is discussed; then, finally an approximate formula for a shallow edge interface crack under arbitrary combination of materials and relative crack size will be given by fitting the computed results. Teranisi and Nisitani (1999) were the first to propose a numerical method using FE stress values to compute the SIF of a cracked 
Analysis method

The physical background
Assuming the SIF for problem A is analytically given in advance, while that for problem B is yet to be solved. Problem A is denoted as the reference problem and problem B is denoted by the given unknown problem. Here, the superscript ⁄ is introduced to indicate the values of the reference problem A for notational convenience.
Although the values of r Ã y ; r y in Eq. (3) cannot be computed by FE analysis easily, the ratio of the value can be given without difficulty. This is because the error for the problems A and B are nearly the same if the same FE mesh is applied to the problems A and B 
½K
It has been reported by Teranisi and Nisitani (1999) that the stress distributions computed by FEM are almost the same under the same loading conditions of K I = const for various crack problems, independent of the crack lengths. Then the SIF for problem B (the given unknown problem) can be accurately determined using Eq. (4). It should be noted that the same FE mesh grids have to be used in the singular region near the crack tip to compute 
Formulation for the interface crack problems
The method discussed in Section 2.1 cannot be used directly into solving the interface crack problems since oscillatory singularity is observed along the interface. Oda et al., 2009 , extended this method to the interface crack problems by creating the same singularities for the reference and given unknown problems. A definition of the SIFs for an interface crack in bonded dissimilar materials was proposed by Erdogan, 1965 . The stress distributions along the interface are defined as shown in Eq. (5) r y þ is xy ¼
Here, r y ; s xy denote the stress components near the crack tip, r is the radial distance from the crack tip, and e is the bi-elastic constant given by: 
and
Similarly, let us consider two different interface crack problems C and D with the same crack lengths a = a 0 and the same combination of materials e = e 0 , assuming the SIFs of problem C are given in advance and those for problem D are yet to be solved. Problem C is termed the reference problem whose values are marked with ⁄, and problem D is termed the given unknown problem. Examining the points with the same radial distances r = r 0 for the two 
Then the SIFs of the given unknown problem (problem D) can be computed using Eq. (13) in a similar manner as discussed in Section 2.1. The condition of Eq. (12) can be satisfied by choosing a suitable external load for the reference problem. The detailed information about how to make the condition Eq. (12) satisfied by using FEM will be discussed in Section 2.3
2.3. Application of the proportional method using FEM In this research, a crack along the interface of two bonded dissimilar half-planes subjected to tension and shear as shown in Fig. 2(a) is treated as the reference problem. The analytical solution of the SIFs at the crack tip for the reference problem takes the form
where r 1 y ; s 1 xy are the remote uniform tension and shear applied to the bonded dissimilar half-planes.
Using the principle of superposition, the stress components of the reference problem subject to remote tension and shear 
where the superscript 0 stands for the values at the crack tip. Inserting Eqs. (15) and (16) (14) gives the values of the oscillatory SIFs for the reference problem (problem C). Finally, the SIFs for the given unknown problem (problem D) can be yielded using the proportional relationship as given in Eq. (19)
Specially, when both materials for a bonded structure are identical, all the imaginary terms in the discussion vanish. Thus, the current method is also applicable to the homogenous crack problems.
Post-processing technique and Convergence study
According to Oda et al., 2009 , the proportional method does not give reliable results if the relative crack size is considerably deep (say, a=W P 0:4). Then, the efficiency and accuracy of the proportional method is demonstrated by pursuing a convergence study in this research. The effects of the minimum element size e and the number of refined layers NL around the singular region on the mode I SIF values are discussed. Finally, a post-processing technique of linear extrapolation is proposed to improve the accuracy. The finite element analysis package MSC. MARC 2007 MARC r1 (2007 is used in this research. It is concluded that exact SIFs can be obtained using linear extrapolation.
Two-dimensional plane-stress problem of a single-edge cracked bonded dissimilar strip is analyzed for various crack lengths (for a range of a=W ¼ 0:1 $ 0:9). The geometric configurations for the given unknown and reference problems are shown in Fig. 3(a) and (b), respectively. The four-node quadrilateral elements are used to mesh the reference and the given unknown problems. Fig. 4 shows the mesh type for a single-edge cracked strip (the given unknown problem). The singular region around the crack tip is well refined with increasing numbers of layers. The element size for each inferior layer is one third of that of the superior one. And the meshes for the reference problem are subdivided in a self-similar manner as shown in Fig. 4 . It should be noted that the meshes around the singular zone for the reference and given unknown problems are kept the same, then, the FE computational errors will be eliminated in the proportional process. Here, four pairs of models (the reference + the given unknown problems) with different minimum element sizes are tested to carry out the convergence study. The minimum element size for each pair of models is a/3 5 , a/3 6 , a/3 7 , a/3 8 which corresponds to the total number of layers NL = 9, 10, 11, 12 respectively. The detailed measurements for the FE models are tabulated in Table 1 . The length L is assumed to be much greater than the width W (L = 2W is used in the FE model).
In the analysis, the elastic parameters are restricted to G 2 / G 1 = 4, m 2 = m 1 = 0.3. The SIFs for the edge cracked dissimilar bonded strip a/W = 0.7, 0.8 are plotted and compared with those of Yuuki and Cho (1989) and Ikeda et al. (1993) , in Fig. 5 . Those of others' data are plotted in dashed lines. From this figure, it can be seen that the normalized SIFs K I =r ffiffiffiffiffiffi pa p behave linear relationship with the minimum element size. Final results can be obtained by using linear extrapolation without adding too more refined layers. Here, it should be noted that the exact values for K II =r ffiffiffiffiffiffi pa p are computed through extrapolation although a simple linear behavior is not observed for the last fourth digit. Also for no deep crack, post-processing of extrapolation is applied since the effect of minimum element size e to the SIFs is dominated. This means the original method may include un-ignored error for the not deep crack case. According to the authors' knowledge, the minimum element size e = a/3 5 , a/3 6 may be recommended for the extrapolation since they have the best compromise between accuracy and computational cost. It should be noted that the SIFs are almost constant and independent of the minimum element size for central cracks even in the case of long crack differently from Fig. 5 . The normalized SIFs are tabulated in Table 2 together with those of Yuuki and Cho (1989) and Ikeda et al. (1993) . Table 2 illustrates that the results are in very good agreement with the present results. The errors are within 0.13% for mode I and 0.03 for mode II for a/W = 0.8. Thus, the results computed by the current method are much better than those by the original one especially for the deep crack. Furthermore, the current method can get the accurate SIFs without using too many layers of refined meshes (say, the total number of layers is NL = 9, 10 in this research), and it has a faster convergence than other numerical methods.
Relationship between the stress intensity factors and crack length
Consider the bi-material bonded plate shown in Fig. 1(d) . It is composed of two elastic, isotropic and homogeneous semi-infinite plates that are perfectly bonded along the interface. The material above the interface is termed material 1, and the material below is termed material 2. The SIFs for the aforementioned problem in plane strain or plane stress are only determined on the two elastic mismatch parameters a and b (Dundurs, 1969) . Here, the Dundurs' material composite parameters are defined as 
Table 2
Normalized stress intensity factors for Fig. 2(b) The normalized SIFs at the crack tip of the edge interface crack in bi-material bonded strips are systematically investigated by varying the relative crack size alW, as well as the material elastic parameters a and b. Here, we restrict our discussion to material combinations with b = 0.3because the same phenomenon can be found from others material combinations. The double logarithmic distributions are shown in Fig. 6 (a) and (b) for the normalized SIFs
, respectively. From those figures, it is found that the double logarithmic distributions behave linearity when a/W < 0.01 and differ within about 5% at a/W < 0.05. Furthermore, after examining every material combination, it is found that the plus and minus of the slope of each curve is always controlled by the sign of a(a À 2b). The value of the slope is equivalent to the order of stress singularity at the interfacial end of a perfectly bonded strip. Specifically, the slope of each line is positive when a(a À 2b) < 0, zero when a(a -2b) = 0 and is negative when a(a À 2b) > 0. This is known as the condition of existence of free edge stress singularity at the interfacial end. For example, freeedge singularity exists when the slope is negative and vanishes when it is positive. In particular, uniform stress distribution appears when the slope is 0. The values of a, b are discussed in the appendix for typical engineering materials (Yuuki, 1992) . Thus, it can also be deduced for the limiting case, the values of
for the bonded semi-infinite plate (a=W ! 0) take the form:
Although when a(a À 2b) > 0 F I ? 1 and F II ? 1 as a/W ? 0, actual crack extension along the interface may be controlled by the stress intensity factors K I , K II instead of F I , F II . In order to simulate the crack extension it is important to consider how the values of K I , K II change depending on the crack length. The double logarithmic distributions of the general SIFs K I and K II at the crack tip are plotted in Fig. 7 . A good linear relationship within the zone of the free-edge singularity can also be found from this figure. Here, it should be noted that all the SIFs increase monotonically with increasing relative crack length a/W for all the material combinations. Since F I , F II sometimes go to infinity, one may misunder- stand that K I , K II also approach infinity as a/W ? 0. However, as shown in Fig. 7 , it is seen that K I , K II always approach zero independent of material combinations as a/W ? 0.
Singular stress field at the end of bonded plate
As shown in the previous section, the stress intensity factor of an edge interface crack may be affected by the singular stress field appearing at the end of bonded plate. It should be noted that more detail investigation reveals that the slopes of Fig. 6 correspond to the singular index k at the end of bonded plate without crack. It is known that this singularity at the end of bonded plate can be determined by the following relationships (Bogy, 1968 (Bogy, , 1971 aða À 2bÞ > 0 : k < 1; r y ¼ r yy j h¼0 ! 1 ðr ! 0Þ Singularity exist aða À 2bÞ ¼ 0 : k ¼ 1r y ¼ r yy j h¼0 ! finite ðr ! 0Þ Singularity ¼ 0 aða À 2bÞ < 0 : k > 1r y ¼ r yy j h¼0 ! 0 ðr ! 0Þ Singularity vanish ð23Þ As a result, the interface crack within this zone behaves in the following ways
In this section, the singular stress fields near the free-edge corner are described in detail because they control the interface crack within the singular zone. Let us consider a perfectly bonded dissimilar plate without crack as shown in Fig. 8 with a cylindrical polar coordinate (r, h) centered at the interface corner. The singular field around the bonded end can be expressed in the form (Chen and Nishitani, 1993 Here K is the intensity of stress singularity at bonded corner, r is the radial distance from the corner, and k is the order of stress singularity. Also f hh ðr; hÞ; f rh ðr; hÞ are known functions of r, h given in Chen and Nishitani, 1993. Many studies have considered the order of the stress singularity for bonded corners with varying geometries and material combinations (see, Williams, 1952; Bogy, 1968 Bogy, , 1971 Bogy and Wang, 1971; Hein and Erdogan, 1971; Dempsey and Sinclair, 1979; Van Vroonhoven, 1992) . For the bonded strip shown in Fig. 8 , the angles which the traction-free surfaces make with the interface are p/2, then the values of k can be obtained by solving the following equation
where k is the zero of Dða; b; kÞ in 0 < ReðkÞ < 1 that has the smallest real part. In general, Dða; b; kÞ is expected to have several zeros in 0 < ReðkÞ < 1: In all cases where more than one zero of Dða; b; kÞ occurs only the smallest one will be exhibited (Bogy, 1971) . The values of k are computed for arbitrary material composite parameters (a, b), and the results are plotted and tabulated in Fig. 9 and in Table 3 , respectively. Here, it should be noticed that k for any material combination can be obtained from Table 6 since kða; bÞ ¼ kðÀa; ÀbÞ. Although the singular index has been discussed in many papers, the intensity of singular stress fields has just recently been obtained. Reedy and Guess, 1993 have determined the magnitude of intensity of stress singularity for a thin elastic layer sandwiched between two rigid substrates. Akisanya and Fleck (1997) , applied the contour integral to evaluate the singular stress field at the free-edge of a long bi-material strip subjected to uniform tension. Xu et al. (1999) proposed numerical methods to determine the multiple stress singularities and the related stress intensity coefficients. Chen and Nishitani obtained the exact expression of the singular stress field for a bonded dissimilar strip. From this paper, it is known that the root of Eq. (25) has a single real root 0 < k < 1 Fig. 9 . Order of stress singularity k À 1. when a(a À 2b) > 0. In this research, in order to examine the stress field around the free-edge corner, K r is introduced to define the intensity of singular stress as
The intensity of stress singularity K for an un-cracked bonded dissimilar strip can be obtained using (Chen and Nishitani, 1993) .
As a supplementary work to the authors' previous research (Noda et al., 2007) , the normalized values of K r =rW 1Àk for k > 1 are computed in this paper, and are plotted in Fig. 10 interface crack in a bonded semi-infinite plate for a = 2b are plotted in Fig. 11 . From the figure, it is clear that F I and F II behave quadratic and linear relationship, respectively. The computed results for a = 2b are also tabulated in Table 4 . Then, the approximate expression as in Eq. (28) 
In conclusion, the solution of SIFs at the crack tip for a bonded dissimilar semi-infinite plate takes the form
when aða À 2bÞ ¼ 0;
6.2. Stress intensity factors for a shallow edge interface crack in a bonded finite strip
In this section, the SIFs for the shallow edge interface cracks within the singular zone as shown in Fig. 12 are investigated using the improved proportional method. The results of F I Á ðW=aÞ 1Àk and F II Á ðW=aÞ 1Àk are plotted against logarithmic relative crack length a/W in Fig. 13 (a) and (b), respectively. The material composite parameter b in Fig. 10 are restricted to b ¼ 0:3, and similar phenomenon can be found from others material combinations of restricted b. As can be seen from these figures, the values for a given material combination approach a constant with more than 3-digit when a=W < 10 À2 . Thus, we propose the following formula to calculate the SIFs at the crack tip for the shallow edge interface cracks in a bonded strip
where C I , C II are constants depending upon the relative elastic properties of materials. The results for the coefficients C I , C II are plotted and listed against material composite parameters in Fig. 14(a) and Table 5 as well as in Fig. 14(b) and Table 6 , respectively. The normalized SIFs F I , F II are often used to express the results of analysis. From Figs. 10 and 14(a) , it is seen that the coefficient curves C I in Fig. 14(a) are similar to the intensities of singular stress of perfectly bonded strip in Fig. 10 . This is because the SIFs for the shallow edge interface cracks are controlled by the singular zone at the interface corner for the perfectly bonded strip without crack as shown in Fig. 12. 
Conclusions
In this paper an edge interface crack in a bonded strip were analyzed with varying the crack length and material combinations systematically. Then, the limiting solutions were provided in a bonded dissimilar semi-infinite plate subjected to remote uniform tension under arbitrary material combinations. To calculate the stress intensity factors, an exact solution for bonded infinite plate were Table A1 Elastic properties of several engineering materials (Yuuki, 1993 
